Abstract. In this paper, we use a computational algorithm for the inversion of the one and two-dimensional L2-transform based on the Bromwich's integral and the Fourier series. The new inversion formula can evaluate the inverse of the L2-transform with considerable accuracy over a wide range of values of the independent variable and can be devised for the functions which are not Laplace transformable and have damping motion in small interval near origin.
Introduction
The Laplace-type integral transform called the L 2 -transform was introduced by Yurekli and Sadek [16] and is denoted as follows Authors [1] [2] [3] [4] for real numbers α 1 , α 2 and positive constant M ). Also, the inversion integral formulas for the one and two-dimensional L 2 -transform in terms of the Bromwich's integral can be presented [1] as follows ( Some contributions and applications of the one the L 2 -transform are shown by Yurekli [17] and authors [1] [2] [3] [4] . Yurekli showed the Parseval-Goldstein theorems involving the L 2 -transform and the Laplace transform may be used to yield identities involving several well-known integral transforms and infinite integrals of elementary and special functions. Moreover, authors [1] [2] [3] [4] presented roles of the one and two-dimensional L 2 -transform in linear partial differential equations and system of differential and integral equations and utilized this transform as a useful and supplementary tool for analyzing the systems which the Laplace transform can not easily or never solve them. Our aim in this article is based on the inversion of the functions which the Laplace transform of them does not exist and can be expressed as functions with damping motions near the zero point. We intend to extend the inversion methods of Dubner and Abate [8] and Crump [5] for the one-dimensional Laplace transform and Moorthy's method [11] for the two-dimensional Laplace transform in terms of the Fourier series which are noted for their accuracy with several different types of functions. In this regard, in Sections 2 and 3, we introduce numerical inversion techniques for the one and two-dimensional L 2 -transform based on the Fourier series and analyze the errors of these computations. These inversions can be obtained at any value of the independent variable by means of a simple series summation and are expressed as the trapezoidal rule of quadrature for infinite-range integral. In Section 4, the accuracy of these algorithms is shown for the functions which are not Laplace transformable. At the end, in Section 5, applicability of the L 2 -transform and its numerical inversion technique for solving fractional partial differential equations are discussed and the main conclusions are drawn.
Inversion method for the one-dimensional L 2 -transform and error analysis
For the one-dimensional L 2 -Transform and inversion integral formula in term of the Bromwich's integral
we can consider the following cosine transform-like and sine transform-like pairs for the real-valued function f (t) and exponential order α
or, alternatively
where s = c + iw and c can be any real number greater than α. We want to obtain the procedure of computing algorithm for the function f (t) in relation (2-3) in terms of the Fourier series. In this sense, we write the Fourier series for a function g 0 (t) that is periodic with period 2T and equals to f (t)e −ct 2 on the interval (0, 2T ) and for n = 0, 1, 2, · · · ,−∞ < t < ∞, we define g n (t) by g n (t) = f (t)e
−ct
2 , 2nT ≤ t < 2(n + 1)T .
In order to converge the Fourier series to g 0 (t) at points of discontinuity, we impose the condition f (t) = 1 2 (f (t + ) + f (t − )) for all t at which f (t) is discontinuous. Therefore, the Fourier series representation of each g n (t) is given by
where the Fourier coefficients are
By summing (2-4) with respect to n and using (2-1) and (2-2), we find that
2 , therefore from (2-5) we obtain the approximationf (t) to the inverse transform in the form
where
The relation (2-6) is the desired approximation formula for f (t) and the relation (2-7) is the error of the computation which there are two major sources of error in the approximation besides the round-off error. One of them is the discretization error given by E d and the other is the truncation error E t . At first, we intend to find a bound for E d and then control the truncation error E t by imposing a condition for choosing N in the serieŝ
, it turns out the upper bound for the series (2-7) can be written as
It follows that by choosing c sufficiently larger than α for the convergent series (2-9) we can make the E as small as desired. In applying, we expect to choose the value of parameter c, if the relative error
M e αt 2 to be less than the known value ϵ. For this manner, for 2nT ≤ t < 2(n + 1)T we have the inequality
which enable us to choose the parameter c by the relation
Also, in practical purposes the numerical value of f (t) is desired over a range of t-values, of which the largest is t max . Therefore, parameter T can be chosen by requirement 2T > t max (we can find by experimenting when 0.5t max ≤ T ≤ 0.8t max , this method gives better results) and parameter α is chosen to be a number slightly larger than max{ℜs p | s p is a pole of F (s)}. Finally, by taking the suitable parameters T, α the series (2-6) is summed until it has converged to the desired number of significant figures. To control the truncation error E t , the epsilon algorithm proposed by Macdonald [10] is used to accelerate the convegence of the series S m = ∑ m n=0 a n in the following procedure
where the approximate value of the series can be finally shown by
2p . By applying this algorithm for the sequence of series (2-8), we evaluatef p+1 (t),f p+ p 4 (t) and select a p for which the difference betweenf p+1 ,f p+ p 4 be negligible.
Inversion method for the two-dimensional L 2 -transform and error analysis
In this section, we generalize the presented method in previous section for the two-dimensional L 2 -Transform. For this extension, we let
It is obvious that the relation (1-4) can be written in the form
Also, by using the fact that f (t 1 , t 2 ) is real-value, (3-1) can be reformed as
At this point, we want to simplify (3-2) further for better form in computations. In this regard, we set
and (3-2) gives rise to
For description of the inversion method for the two-dimensional L 2 -transform, we write the Fourier series for the function g 00 (t 1 , t 2 ) that is periodic with period 2T in t 1 , t 2 and is presented by
Also, we can similary define for j, k = 0, 1, · · · and −∞ < t 1 , t 2 < ∞
where it is periodic with period 2T in t 1 and t 2 . Moreover, the Fourier series representation for g jk (t 1 , t 2 ) can be written as T and the coefficients are given by
Now, by substituting integrals of (3-7) in coefficients (3-6), and taking the sum of the resulting series over j, k, we get
It is obvious that the sum of the right-hand side of (3) (4) (5) (6) (7) (8) can be an approximation value of f (t 1 , t 2 ) as
with the error term
, where
or equivalently
Two major sources of error in approximation of f (t 1 , t 2 ), besides round-off error like the one-dimensional, are the discretization error and the truncation error given by E d , E t respectively. At first, by virtue of the exponential order of f (t 1 , t 2 ) we find a bound for
(3.12)
In (3-12) if we take the parameters c 1 and c 2 sufficiently larger than α 1 and α 2 , then the error E d can be obtained arbitrary small. For this regard, we want to choose the value of parameter c 1 , c 2 
Then by finding the suitable T when 0.5t * max ≤ T ≤ 0.8t * max (where t * max is the largest value of t 1 , t 2 over a range of t-values ) we compute the series (3-9) until it converge to the desired number of significant figures. To control of the truncation error E t , we can use the epsilon algorithm (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) to accelerate the convergence of the series and evaluate the valuesf p+1 (t 1 , t 2 ), f p+ p 4 (t 1 , t 2 ) in (3-9) until the difference between them be small.
Illustrative examples
The following four examples are used to test the approximation methods developed in Section 2 and Section 3 for one and two-dimensional L 2 -transform. These examples are chosen for the functions which are unbounded and the Laplace transform of them does not exist. The format of the examples is as follows: In the one and two-dimensional cases the first column gives the value of the independent variable t and second column, the exact value of f (t). The third column shows the approximate values of f (t). The fourth column gives the relative error for all computations (see Tables 1-4 ) . Also, all evaluations are performed by the Maple 13 software and the epsilon algorithm is used to accelerate the convergence of the series. 
Application of the L 2 -transform in fractional partial differential equations
In this section for the applicability of the L 2 -transform and the introduced numerical inversion technique, using the joint Laplace and L 2 -transform we solve a fractional partial differential equation and then in special case of this equation, we apply the proposed algorithm in Section 2 to obtain the solution numerically. This methods can be considered as a promising technique beside the existing methods for solving fractional partial differential equations, see [6, 7] and [9, 13, 14] . 
and the L 2 -transform with respect to x [1] the transformed equation of (5-1), takes the form
where F (p) is the L 2 -transform of the function f (x). Now, by using the complex inversion formula for the L 2 -transform (1-3) for the above equation and the convolution of the two functions f, g for the L 2 -transform [3] f * g = 
Conclusions
In this work, we showed a general numerical algorithm for inversion of the L 2 -transform in terms of the Fourier series with a good accuracy. The L 2 -transform and the proposed inversion algorithm enable us to solve the partial differential equations or fractional partial differential equations with boundary conditions which the Laplace transform is not suitable for solving these equations.
